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Abstract — The problem of uncertainty representation and propaga-
tion in the context of statistically correlated variables is commonly ad-
dressed by means of Montecarlo simulation as recommended in IEC-
1SO Guide. Moreover, in a recent literature, fuzzy sets have proved to
be a valid alternative in the case of independent variables. Unfortu-
nately, the problem of modelling statistically correlated variables, by
means of fuzzy sets, is still an open problem. Since it is well known
that T'—norms are the natural way of combining fuzzy variables into
a nonfuzzy function f, in this paper, we investigate how to generalize
the class of T'—norms, making it dependent from correlation coeffi-
cient in order to emulate different statistical correlation degree among
variables. In order to validate the model a comparison with Central
Limit Theorem will be accomplished in the case of zero correlation
while a practical example will be provided in order to compare the
proposed method with Montecarlo simulation and with that obtained
by uncertainty propagation described in IEC-1SO Guide.
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I. INTRODUCTION

In this paper we address the problem of uncertainty rep-
resentation and propagation in a context of statistically cor-
related variables. This problem has been widely investigated
in literature in the context of probability theory, by means of
joint probability density function, and implemented by Mon-
tecarlo simulation as recommended in [1]. Surely, Monte-
carlo simulation, as noted in [1], allows to implement the so
called probability distribution propagation, instead of uncer-
tainty propagation, avoiding Taylor approximation [2] of the
output function f. Moreover, this approach allows to simul-
taneously work with all confidence intervals (so with all con-
fidence levels) instead with a single one. In order to emulate
this characteristic, but avoiding the time-consuming calculi in-
volved in a Montecarlo simulation, in a recent literature, many
alternative methods have been investigated and applied in the
context of uncertainty modelling, such as Random Fuzzy Vari-
ables (RFV) [3-5], Fuzzy approaches [6-8], Type-2 fuzzy vari-
ables [9], etc. Really, fuzzy theory allows to model and prop-
agate uncertainty for all confidence intervals simultaneously,

avoiding the handling of a very high number of samples needed
for a correct representation of the output variable.

Anyway, at this moment, the problem of modelling statisti-
cally correlated variables by means of fuzzy sets, in a formula
that directly depends on the correlation coefficient p is still an
open problem. Probably, the way in which probability theory
is mapped into possibility theory (i.e., fuzzy theory) is crucial
in order to build a generalized representation of uncertainty
propagation. In particular, in this paper, we refer totally to the
probability-possibility transformations introduced in [10] and
already used by the authors in [9].

Fuzzy sets are in many practical cases one of the best meth-
ods for uncertainty representation (from both computational
aspects and chance of a direct evaluation), so that we are inter-
ested in how fuzzy sets can be aggregated in order to evaluate a
function f of fuzzy variables originated from statistically cor-
related random variables; this means that 7'—norms, represent-
ing the way fuzzy sets are aggregated, have to be investigated.

What we expect, according to the T'—norm used, is that the
final result could emulate or not the result obtained by a Mon-
tecarlo simulation. It is well know that the Extension Princi-
ple (EP) by L. Zadeh [11], is the natural way of combining
fuzzy variables into a nonfuzzy function f. Also, it is well
known that implementation of EP is quite complex. So, re-
cently, the equivalence between applying EP and operating di-
rectly on a—cuts have been proved (Nguyen’s Theorem [12]),
when T'—norm is implemented by the minimum operator (T,
in the following). In this way, calculus is strongly simplified,
but this result does not hold for different types of T'—norms.
However, another result (Fuller’s Theorem [13, 14]) general-
izes that equivalence to the case of a general 7T'—norm.

The crucial point is that by using different kind of T'—norms
we can emulate different statistical correlation degree among
variables. Obviously, the equivalence is not exact, for all cor-
relation coefficients p, but the error is always very low (or zero
in some cases). Moreover, building a particular p-dependent
T'—norm (7}, in the following) we will show that working on
a-cuts is also p-dependent (as expected) and a direct formula
will be derived. In this way, we will provide an uncertainty



propagation model, by means of fuzzy variables, able to em-
bed correlation degree as a free parameter of the model.

So, in Section II, we will recall briefly EP, concepts of
T—norm and T—conorm, Nguyen’s Theorem and Fuller’s
Theorem. In Section III, we will examine the effect of sta-
tistical correlation among variables on the EP, when a certain
class of probability-possibility transformations [10] are used.
In Section IV, we will describe the generalized T}, proving
that it is a 7'—norm. Finally, in Section V we will validate
the approach in the case of independent RVs by a comparison
with results obtained by Central Limit Theorem, while in Sec-
tion VI, we will perform a comparison with Montecarlo sim-
ulation, performed following recommendations in [1], in the
context of statistically correlated measurements.

II. PRELIMINARIES

The concepts of fuzzy sets have been introduced by
Zadeh [15, 16] as an extension of the traditional concept of
membership of a variable a to a set A. In crisp set theory
this membership is represented by a one (a € A) or by a zero
(a ¢ A), whereas in fuzzy set theory it can be modelled by a
Membership Function MF p4(a) such that 0 < pa(a) < 1,
with £14 (a) convex and normal (there exists at least one value b
such that 4 (b) = 1. The a—level set (or —cut) of A is a non-
fuzzy set, denoted by A,, defined as A, = {a|pa(a) > a}.
The MF is the natural way to extend the concept of confidence
interval and confidence level, as recommended in [2], so that in
the following we will examine in detail the way fuzzy numbers
can be combined in a nonfuzzy way (i.e., through a function
f). The standard way is formalized by the EP introduced by
Zadeh in [11]. We will recall EP in the following.

Let f be a mapping from X; X --- x X, to a set Y such that
y = f(x1,...,2,), fory € Yand z; € X;, 1 = 1,...,7r.
Then the EP allows us to build the MF of y on B, pg(y), start-
ing from the MFs of ; on A;, pa, (z;), through f such that

) UA,,»(J:T)) (])
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and pp(y) = 0if f~1(y) = 0. Since the application of EP
is quite complex, the compatibility of the EP with the a.—cuts
representation has been investigated. This equivalence is also
known as Nguyen’s Theorem [12] which states that under the
assumption that T'—norm = T,;, the following relation holds

[f(Aq,... = f(Aiay.--,

This means that the operations involved in f can be applied
directly on the a—cuts. The proof of this result can be found
in [12]. Now, we need a generalization of Nguyen’s Theorem
in the case of a general T'—norm. First of all, recall that
Definition I1.1: A T—norm is a function T [0,1] x
[0,1] — [0, 1] with the following properties.
(t1) Commutativity: T'(a,b) = T'(b, a).
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(t2) Monotonicity: T'(a,b) = T'(¢c,d) ifa = ¢, b =d.
(t3) Associativity: T'(a,T'(b,¢)) = T(T(a,b), c).
(t4) Null element: T'(a,0) = 0.
(t5) Identity element: T'(a, 1) = a.
The dual operation, called T'—conorm, satisfies the following
relations.
(s1) Commutativity: S(a,b) = S(b a).
(s2) Monotonicity: S(a,b) = S(c,d
(s3) Associativity: S(a, S(b,c)) =
(s4) Null element: S(a,1) = 1.
(s5) Identity element: S(a, 0) =a.

Among various kind of 7'—norms in the following we address
the Thyin = min{a, b} and Troq = a - b since they have a direct
probabilistic counterpart. Then, we will consider only T«
conorms since all the results we use are valid only for this op-
erator.

Now, in order to generalize the Nguyen’s Theorem so that
we can still establish, for a wider class of variables, an equiv-
alence between the EP and operating on a—cuts, we recall the
Fuller’s Theorem [14]. It states

Theorem II.1 (Fuller’s Theorem) Let X # 0, Y # () be
sets and let T'be a T'—norm. If f : X x Y — Z is a two-place
function and A and B are fuzzy sets on X and Y respectively,
then a necessary and sufficient condition for the equality

[f(A,B)], = |J f(4e By),

T(En)>a

€ (0,1],

is that, foreach z € Z, supy(, ,)—. T (A(x), B(y)) is attained.
Despite the apparent complexity of this result, its implementa-
tion is quite simple and efficient.

In [14] the authors show that if the T'—norm is 7Tp,;, then the
classical result by Nguyen follows.

In the following, we will apply Fuller’s Theorem in order to
work with a p-dependent T'—norm and consequently with sta-
tistically correlated variables, but still operating on a—cuts. To
do so, firstly we will investigate the equivalence between a cer-
tain 7'—norm in fuzzy sets theory and analogous operators, in
probability theory, in the case of correlated random variables.

III. EFFECT OF STATISTICAL CORRELATION ON EP

Let us consider only symmetric pdfs in the following. Us-
ing probability-possibility transformations in [10] and denot-
ing with =* the central value (corresponding to the modal value
Z) of the pdf with compact support [z1,x2] the following re-
lations hold for the Possibility Distribution PD 7 () of x (i.e.,
the MF of x)

7_(z) =2F(x), x1

@) = (2), @ @
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where 7 and m_ denote the left and the right part of 7 with re-
spect to the central value 2* and F'(z) is the cumulative prob-
ability distribution of the Random Variable RV z. Note that



there is a direct relation between the PD and F'(-). Using (2),
the effect of statistical correlation on the shape of 7(x) can be
easily investigated. Firstly, we have to recall the concept of
joint pdf and joint PD. Let us consider two statistically corre-
lated RVs, = and y with correlation coefficient p. The joint
probability that  and y are below some x( and ¥, that corre-
sponds to P(z < zo,y < yo) = F(x0,yo) is called joint cu-
mulative probability distribution. Analogously, Zadeh in [11]
introduced the concept of joint possibility distribution w(z,y).
We recall it in the case of two variables.

Let z and y be two variables with universes of discourse
U, and Uy, then the variable z = f(z,y) will be referred
as a joint variable. The universe of discourse of z is the
cartesian product U, = U, x U,. The MF . is defined as
pz : Uy x Uy, — [0,1] and is given by (1). The fuzzy set
m(2,y) = Thom (7 (), w(y)) is called joint possibility distrib-
ution. Obviously, since equation (2) holds, we also get

we) =2 [ 2 [ oo =4 Play)
Y1 1

withz; <z < z¥andy; <y <
symmetry in the whole domain.

Let us consider now the two cases p = 0 and p = 1 sepa-

rately.

a) Independent RVs p = 0. In this case it is well known
(see e.g., [17]) that F(xz,y) = F(x) - F(y) so that
m(x,y) = 2F(x) - 2F(y) = w(z) - 7(y). Consider now
the EP in the general form. Given a function z = f(x,y),
we get M (2) = V) s f(ay) To(@) ATy(y), where \/
denotes the T'—conorm and /\ denotes the T—norm. So,
it is natural to consider Tyoa(2,y) as T—norm in this
case, getting m-(2) = V() o poy) To(@) - my(y) If
Tiertmaz 18 used as T'—conorm (generally sup instead of
max for PD with non compact support) then we get the
sup-convolution operator, very similar to the convolution
in the probability theory, and we finally get

y* and easily extended by

m.(2) = sup m(x)- my(y).
(z,y) z=f(z,y)

b) Linear correlated RVs |p| = 1. In this case, using that
y =ax+bweget P(x < z,y <yo) = Pla <o,y <
azxg + b) = F(xg,axo + b). This result suggests that the
joint pdfis f(x) or f(y) according to the value of a and b.
In particular, in the case of a sum of totally correlated RVs
zandy (z =z + y), we get that P (z < zg) = F.(2) =
P((x+a-24+b<z) = P((a—|—1) x+b<z) =

P (x n ) =F, ( 2= ). So, we can derive the pdf

of the RV 2z = = + y by the pdf of z or y. Note that, in
the case of «, y ~ U([0, 1]) (i.e., with uniform pdf) then
z ~ U([b,a + b+ 1]). So, in this case the use of Tipin
as T'—norm seems to be the natural choice, since the min-
imum operator leaves unchanged the shape of the fuzzy
sets belonging to the same class.

Now, arguing as above for the T'—conorm we get

m.(2) = sup min(my(2),my(y)) .
(z,y) z=f(z,y)

In the following section, we will generalize this approach in
the general case of a correlation coefficient p € [0, 1].

IV. A GENERALIZED T—-NORM

Let us consider now the T'—norm 7}, defined by

Ty(a,b) = (1

which is a convex combination of the two classical T'—norms
Toroa and Tryin. First of all, we have to verify that 7),(a, b) is a
T—norm. Let us prove that T,,(a, b) satisfies (t1) — (t5).
(t1) By symmetry of Tjoa(a, b) and Thin(a, b) (t1) follows
immediately.
(t2) By monotonicity of both Tjroq and Ty, (12) follows.
(t3) From associativity of Tyoq(a, b) and Tinin(a, b) (t3) fol-
lows immediately.
(t4) Since Tproa(0,0) = Tproa(a,0) = 0 and Tiyin(0,0) =
Thin(a, 0) = 0 (t4) follows.
(t5) Since Tpod(1,0) = b and Tpoa(a,1) =
Thin(1,0) = b and Tiin(a, 1) = a we get (5).
Now, we can apply Theorem II.1 with 7},. So, we have to
solve T,,(£,m) > « and insert it into

[f(A,B)], = |J f(4e By),

T(En)za

- P) Tprod(a7 b) + mein(aa b)v p e [07 1]

a and

€ (0,1].

Now, we have to consider separately the cases £ < 7 and £ >
7. In the first case, we get (1 — p)né& + p€& > « and so, we
obtain

¢ > min (max (u_pw,o> ,1) . nE[a,1].

Otherwise, if £ > 7, we get
O) ,1), ¢ € [a,1].

o
7 2 min <max <,
(L=p)+p

So, we get
FABL, = U 4By, 3)
£<n
mm(max( = ﬂ)n+ﬂ ),1)
>n
min(ma ((1 Ser0)l)
for a € (0,1]. Note that, when p — 0 then T,(&,n) —

Throa(€,m), in fact we get

= |J £ (4, Bae)

§€[e1]

[f(A, B)] a € (0,1].



Fig. 1. MF of a sum of correlated RVs vs. their correlation coefficient p.

Otherwise, if p — 1 then 7),(£, 1) — Twmin(§, 1), in fact we get
[f(AvB)}a: U f(AEan)a 046(0,1],

é€fa,1], n€la,l]

corresponding to classical formulation of Nguyen’s Theorem.
Note that equation (3) provides a closed formula to compute
directly a-cuts of the output variable without applying EP on
the input variables.

By using above results, we generalize approach described
in Section IIL. If we use T),(a, b) instead of any other T'(a, b),
we get

m(2) = sup T, (m(w),my(y).
(z,y) z=Ff(z,y)

Let us apply this approach to the sum of two uniform RVs
x,y ~ U([0,1]), varying the correlation coefficient p in [0, 1].
As expected, we get two Triangular PDs (TPD) 7, and 7, with
the same support [0, 1]. The PD of the variable z = x + y is
shown in Fig. 1, for some different values of p between 0 (cor-
responding to Tj,r0q) and 1 (corresponding to Tiyin). Note that,
in the case of uncorrelation (p = 0), we get a non triangular
MF for z while in the case of total correlation (p = 1), we get
a TPD. The cases of p € (0,1) are between the two external
cases p = 0 and p = 1. This means that, as a counterpart of the
Central Limit Theorem (CLT), if we sum two independent RVs
with TPD, by using Dubois probability-possibility transforma-
tions, we do not obtain a TPD. From these aspects, the class of
TPDs is not closed under T}, whereas it is closed under clas-
sical Thy,. Really, we do not need a class of PDs closed under
a certain T'—norm, which would be obviously desirable from
computational aspects, but we need a T'—norm that emulates
the behavior of a probabilistic approach. So, if we want to per-
form operations on fuzzy variables, that are as much similar
as the ones performed on RVs, then the T}, is needed. In the
following section we will compare the proposed uncertainty
model with the application of CLT on the average of N inde-
pendent and identically-distributed random variables.

V. VALIDATION BY A COMPARISON WITH CLT

Let us consider IV independent and identically-distributed
random variables (i.i.d.) z; ~ U([0,2]),7 = 1,...,N. Con-

sider now the variable y = ZN:T“C It is well know that the
pdf of y, fy (y), tends to be normally distributed with unitary
mean 7, = 1 and variance o2 given by 02 = L, SV 02 .
Now, by applying T),—norm with p = 0 to the variable z;, for
N = 2,6, 10 we compare the pdf obtained by applying CLT
with the PD obtained by the proposed model. The results are
shown in Fig. 2(a)-(b).
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Fig. 2. (a) PDs obtained by T, —norm and (b) pdfs obtained by CLT.

Note that there is a great agreement in this case, proving
that T, is the best counterpart of a probabilistic approach.
In the following section we provide some simulation results of
the proposed uncertainty model and a comparison with Monte-
carlo simulation in the case of statistically correlated measure-
ments.

VI. SIMULATION RESULTS

Let us consider the case of a series of two resistors, R
and R after a measurement performed by a comparison with
a known reference standard R, with nominal value R, and
standard uncertainty ur_. We know [2] that under the assump-
tion that the uncertainty of the comparison is much smaller
than the uncertainty of the reference standard, then the cor-
relation coefficient p(R1, Ra) ~ 1. Really, the expression of

p(R1, Ry) is given by
97 -1
U,
1
* (“RS/RS>

p(R1, Ro) = “4)




where R; = «o;Rs, ¢ = 1,2. Note that if the uncertainty
Uy << upr,/Rs, then we get p ~ 1. In this example, we will
assume that u,, = u, does not depend on the factor «, and it
is the same for each resistor. For example, we will assume that
uo = 1072, So, if we suppose also that ug, /R, = 1072, we
get (10_2/10_2)2 = 1 and consequently p(R;, Rz) ~ 0.5.
Obviously, the expression of u,, strictly depends on the proce-
dure implemented for computing the value of . This is only
an illustrative example.

If we have two different values of «, namely oy = 2-1 and
as = 274 then we have Ry = 271 - R, and Ry = 27* - R,.
Note that, since R; = «; R, under the assumption of uncor-
relation between «; and Rs and following recommendations
in [2], we can express the standard uncertainty of each R; as

1072 R0/ (1+ CY?),

where «; ¢, ¢ = 1,2 are the two nominal values for «;, that
are, in this case, 21 and 2% respectively. Then, we fi-
nally get ur, = 1072 R, [1.118 1.002]. Now, suppose that
the two resistors are linked using a parallel wiring scheme
through conductors having a negligible resistance, so as to
achieve a resistance R, with nominal value given by 1/R,,o =
Zle 1/R;0 = 1/Rs0 (24 16) ~ 18/ R, that corresponds
to R,0 = Rs0/18. The standard uncertainty of R,, obtained
following IEC-ISO Guide procedure, is equal to 0.89-10~2- R,.
At this point, even if we suppose Rso = 1 (), we are not able to
assign a confidence level to this uncertainty, because we do not
know the pdf of R, and we cannot assume it a gaussian pdf. If
it was gaussian, then, with a coverage probability of 95%, we
get a coverage interval [0.0381,0.0730] 2. In the following,
we will compare this interval with the uncertainty represen-
tation obtained by means of T, (i.e., fuzzy sets) and by the
propagation of distributions by a Montecarlo simulation.

un, = \J(Ruo) 43 + 02y -y, =

A. The fuzzy approach

In order to perform uncertainty propagation by means of 7},
and fuzzy sets, first of all, we have to design the MF for each
input variable R;, ¢ = 1, 2. Since the standard uncertainty for
each variable is known, and since we can suppose a uniform
pdf for each R;, ¢ = 1,2, then, with a coverage probability of
95% for Ry and Rs, we get a coverage factor of /3 - 0.95 and
we get the support for R; and Ry shown in Fig. 3(a)-(b). Note
that we get two TPDs, since we have suppose the two variables
R, and R, as uniform RVs. Now we apply the 7}, in order to
build the MFs of R, = (R1 - R2)/(R1 + Rz), thus obtaining
Fig. 3(c), with p = 0.5. We compute the a-cuts of the variables
R, by implementing equation (3).

Note that the statistical correlation among R?; and Ry pro-
duces a slight deviation of the resulting MF from a triangular
one. The MF is computed for 100 different levels of « in [0, 1].

Now, given a coverage probability of 95%, we have to eval-
uate the interval corresponding to o = 1—0.95 = 0.05. Really,
at this point, we can obtain all the confidence intervals associ-
ated to every coverage probability. In this case we obtain a

confidence interval of [0.0428, 0.0678] €.

B. The Montecarlo simulation

In order to perform the probability distribution propagation
by means of a Montecarlo simulation, first of all, we have
to build the joint pdf for R; and R, since the two variables
are correlated with correlation coefficient p = 0.5. As noted
in Supplement [1], we can always build a bivariate Gaussian,
with given marginal pdfs and correlation coefficient. In Fig. 4,
we show an example of simulated dependent random variables
with uniform marginal pdfs and p = 0.5. Note the slight non

10000 Sirmulated Dependent Uniforen Values

R,~Ui1.045 0.073)

e .
* L
051 0616 082

L, -
048 0485 049 0495 05 0505
Ry~U0.462,0.518)

Fig. 4. Simulated dependent uniform random variables.

uniformity of the joint variable due to the correlation coeffi-
cient equal to 0.5. Now, we can evaluate the cumulative prob-
ability distribution for R, = (R; - Ry)/(R1 + Rs) obtained
according to recommendations in [1]. We expect, from prob-
ability theory, that the pdf of 7, has a weak asymmetry so
that, given a coverage probability and following [1], we should
compute the shortest coverage interval for R, from its cumu-
lative probability distribution. However, if we consider level
a, = (1 — p)/2, we can directly compute the values F~!(a,)
and F~!(p + ), as lower and upper bound of the coverage
interval, where F' denotes the cumulative probability distribu-
tion of I2,. This situation is shown in Fig. 5 where the dotted
lines determine the bounds of the coverage interval. Note that
in this kind of approach o, is approximately 0.025. In this case
we have a confidence interval equal to [0.0428, 0.0678] 2 that

0.08 0,045 0.05 0.055 0.06 0,085 007 0075
R

'

Fig. 5. Cumulative probability distribution for R},
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Fig. 6. Comparison between MF obtained by T}, and by Montecarlo
simulation.

is the same of the fuzzy approach. Recall that the confidence
interval estimated by IEC-ISO Guide, under the assumption
of Gaussian pdf for R,, evaluated in Section VI, was strongly
overestimated.

Finally, we want also to compare result obtained by Mon-
tecarlo simulation with the representation by fuzzy numbers
using 7T}, for all confidence level. To do this, we have to trans-
form the cumulative probability distribution F'(R),) into a MF.
Owing to the weak asymmetry, we can simply consider as cen-
tral value the mean value that corresponds to 2, = 0.0556 §2.
So, we obtain the comparison in Fig. 6 where the two MFs
obtained from 7}, and Montecarlo simulation respectively, are
shown. Note the negligible difference between the two plots.
Despite very similar results in the confidence intervals pro-
vided by the two methods, the simulation performed by means
of T, is very faster. Moreover, recall that, only if the number
of samples tends to be very high, then Montecarlo result tends
to match the true value.
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